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Use of Energy-State Analysis on a Generic
Air-Breathing Hypersonic Vehicle
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A possible next-generation launch vehicle maybe a fully reusable, single-stage-to-orbitaerospacecraft. This class
of hypersonic vehicle includes highly integrated airframe and propulsion systems; hence fuel-optimal trajectories
are of special interest. Also, because these vehicles are neither conventional aircraft nor rockets, the appropriate
approach for trajectory analysis during preliminary design, for example, is of interest. Addressed here is whether
the energy-state method is justi� ed for the determination of such trajectories for scramjet-powered, hypersonic
vehicles. The focus is on the scramjet-powered phase of the mission. The energy-state approach is known to be
justi� ed when the system dynamics exhibit multi-time-scale behavior, and such behavior is shown to exist for
the vehicle and mission phase under investigation here. Furthermore, solutions obtained via the energy-state
assumption are compared with a full dynamic solution obtained using a nonlinear programming routine. It is
shown that the results from the two methods are in reasonably good agreement. On the basis of these results,
the energy-state method would appear justi� ed for the class of vehicle in question, at least for obtaining rapid
performance estimates, as well as gaining insight into the basic performance issues.

Nomenclature
CTx = vehicle x-thrust coef� cient
CTz = vehicle z-thrust coef� cient
D = aerodynamic drag
E = vehicle energy height
g = gravitational acceleration
h = altitude
Isp = speci� c impulse
L = aerodynamic lift
m = vehicle mass
R = distance from Earth’s center
Th = engine thrust
t = time
ti = characteristic time constant of state i
V = velocity
W = vehicle weight
PW f = fuel � ow rate

wi = characteristicweight constant of state i
Xplume; Zplume = forces due to exhaust plume pressure

distribution
X turn; Z turn = forces due to turning of � ow at engine inlet
® = vehicle angle of attack
° = vehicle � ight-path angle
" = singular perturbationparameter
¹ = gravitational constant for Earth

Introduction

A POSSIBLE next-generation launch vehicle may be a fully
reusable, single-stage-to-orbit (SSTO) aerospacecraft.One of

the major design issues for this class of vehicle will be maximizing
the payload to orbit. Hence fuel-optimal trajectories are of special
interest.The highly integratedairframe and propulsion systems that
are typical of these vehicles lead to highly interacting airframe and
engine characteristics.And the feasibility of such a mission relies
heavily on the ef� cient operation,e.g., trajectory shaping, of such a
vehicle.1;2
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Because thesevehicles are neither conventionalaircraftnor rock-
ets, the appropriateapproach for trajectory analysis during prelimi-
nary design, for example, is of particularinterest.The speci� c prob-
lem to be addressed in this paper is whether the energy-statemethod
is justi� ed as an appropriatemethod for estimatingsuch optimal tra-
jectories for a generic, hypersonic lifting-body con� guration, pow-
ered with scramjetpropulsion.If so, this approachhas the advantage
of offering considerable insight into the critical design features af-
fecting the vehicle performance.

The energy-stateapproachis closelyrelatedto the singularpertur-
bation technique3 and is justi� ed when the system dynamics have
widely separated time scales. This characteristic of the system in
question will be investigated,and the focus will be on the scramjet-
powered phase of the mission. Furthermore, solutions obtained via
the energy-state assumption will be compared with a full dynamic
solutionobtainedusinga nonlinearprogrammingroutine.4 It will be
shown that these results compare quite favorably.Hence, the use of
the energy-state approximation for this vehicle and mission phase
appears justi� ed, in contrast to the conclusions of Ref. 5.

Vehicle and Mission Characteristics
The SSTO mission involves delivering payload into low Earth

orbit with a single-stagevehicle.To maximize the orbital mass frac-
tion (or payload to orbit), minimum-fuel trajectories are of special
interest.The side view of the generic, scramjet-poweredhypersonic
vehicle to be consideredhere is shown in Fig. 1. The vehicle geom-
etry (cf. Ref. 6) was selected to re� ect key characteristicssimilar to
those of the X-30 vehicle. The con� guration is a lifting body, con-
sisting of a forebody/engine inlet, internal scramjet engine module,
and afterbody/exhaust nozzle. The gross weight of the vehicle at
scramjet ignition is taken to be 300,000 lb, and the length of the
vehicle is 150 ft.

The vehicle’s lower forebodysurface both producesaerodynamic
lift and acts as a precompressionsurface upstream of the inlet to the
engine. The afterbody/nozzle surface experiences exhaust-plume
impingement, which produces both propulsive thrust and “lift.”
These two design characteristicslead to strong interactionsbetween
the propulsionsystem and the airframe. Speci� cally, with reference
to Fig. 1, total propulsive thrust and lift are

Tx D Th C Xplume C X turn; Tz D Zplume C Z turn (1)

Therefore, the total force normal to the velocity vector is

L avail D L C .Th C X turn C Xplume/ sin.®/ ¡ .Zplume C Z turn/ cos.®/

(2)
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Fig. 1 Hypersonic vehicle con� guration.

Fig. 2 Propulsive force coef� cients.

Fig. 3 Speci� c impulse (V = 10,000 ft/s).

If coef� cients CTx and CTz are the propulsive forces nondimen-
sionalizedby � ightdynamicpressureand theaerodynamicreference
area, Fig. 2 shows typicalvaluesof these coef� cients, corresponding
to 100,000-ftaltitude.Coef� cients correspondingto lower altitudes
take on smaller values. The speci� c impulse is

Isp D 1
PW f

[.Th C Xplume C X turn/ cos ®

C .Zplume C Z turn/ sin®] ´ Thinstalled

PW f

(3)

Note that this relationshipincludesthecomponentof thrustalong the
velocityvector.Figure3 shows the speci� c impulsecorrespondingto
a � ightvelocityof 10,000ft/s at two differentaltitudes.Theangle-of-
attack dependence is greater at higher altitudes, where the reduced
atmosphericdensitymagni� es theeffectof theprecompressionfrom
the forebody. The main points to be noted with respect to the data
are that thesepropulsiveforces are strong functionsof vehicleangle
of attack, and the propulsive lift is the same order of magnitude as,
but in the opposite direction from, the aerodynamic lift.

Energy-State Approximation
The energy-state method (cf. Ref. 7) is a simple graphical ap-

proach for rapidly estimating the solution to a trajectory-optimi-
zationproblem.Both minimum-timeand minimum-fueltrajectories
can be obtained. One key advantage is that the method enhances
physical insight into the factors dominating the vehicle’s perfor-
mance. But hypersonic air-breathing vehicles are quite different
from conventionalaircraft, to which this method has typically been
applied.Of specialnote are the differencesin thrust-to-weightratios
and in the � ight velocities for the two classes of vehicles. There-
fore, before applying the energy-state method to this new kind of
aerospacecraft,it must be shown that the necessaryassumptionsare
valid.

Under a point-mass assumption, and considering only motion in
a vertical plane, the equations governing the vehicle motion over a
spherical nonrotating Earth are8

PE D .Thinstalled ¡ D/V

W
(4)

Ph D V sin ° (5)

P° D .g=W V /[L avail ¡ W cos ° ] C [V=R] cos° (6)

PW D ¡ PW f (7)

where we take the energy height to be

E D h C .V 2=2g/ (8)

In the time domain, the validityof the energy-stateapproximation
hinges on the existenceof multi-time-scalebehavior.Speci� cally, it
is assumed that � ight-pathangle ° and altitudeh are arbitrarilyfast,
and the weight is arbitrarily slow, all compared with energy height
E . Under these assumptions,the fourth-ordersystemcan be reduced
to a single equation, Eq. (4). Typically,vertical force equilibriumis
assumed, which for a given weight W0 leads to

L C .Th C Xplume C X turn/ sin ® ¡ .Zplume C Z turn/ cos ®

D W0 ¡ .mV 2=R/ (9)

The time required to transition from energy height E0 to E f is

1t D
Z E f

E0

dt where dt D dE
PE

(10)
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Table 1 Summary of parameters for characteristic time calculations

State xmin xmax Pxi Comments

E 5:0 £ 105 ft 10:0 £ 106 ft PE D .V=W0/ Thavail W0 D 150,000 lb
h 20,000 ft 200,000 ft Ph D V Set sin ° D 1
° ¡1:57 rad 1.57 rad P° D .g=V W0/ Leffective Set cos ° D 1

W0 D 150,000 lb
W 50,000 lb 300,000 lb PW D ¡ PW f ——

Therefore, to minimize � ight time for a given energy change, PE
should be maximized at each energy height. The fuel required to
transition from E0 to E f is

W f D
Z E f

E0

dW f D
Z E f

E0

dE

dE=dW f

(11)

where the ratio dE=dW f is the energy gained per unit weight of
fuel burned, at a given energy height E . Thus the fuel required to
increase the total energy is minimized by maximizing .dE=dW f /
.D PE= PW f / at each energy level along the trajectory, and hence this
problem is solved in the weight domain. The system in this case is
just Eqs. (4–6), all divided by Eq. (7). This system can be reduced
to order 1 (the energy-state approximation) if the change in � ight
path and altitude can occur with little weight change comparedwith
an energy change, or dE=dW f is small comparedwith dh=dW f and
d° =dW f .

Multi-Time/Weight-Scale Behavior
By examiningEqs. (4–7), the criticalparametersnotedare thrust-

to-weight ratio T=W , lift-to-weight ratio L=W , � ight velocity V ,
and fuel � ow rate (determined by speci� c fuel consumption). For
conventional aircraft, T=W is of order 1 or less, whereas L=W
can be greater than 1. Hence, it is not surprising that the necessary
time-scale behavior is exhibited for such vehicles. However, for a
hypersonicvehicle the velocity can be 15–25 times that of a conven-
tional aircraft. Furthermore, PE is proportional to V , whereas P° is
inverselyproportionalto V . Hence, it is not a priori clear by inspec-
tion whether the multi-time-scale behavior exists. And, in fact, in
Ref. 5 the authors concluded that this behavior could only be guar-
anteed to exist if the maximum axial accelerationof the vehicle was
less than unity (1 g). For the vehicle in question,the maximum axial
acceleration is about 5. Hence, more careful analysis is required.

Furthermore, we wish to assess the presence of the requisite be-
havior prior to solving for the optimal trajectory.That is, we wish to
determine if the energy-state assumptions are valid in general, not
just along some prescribed trajectory. For the vehicle in question,
the state rates PE; Ph; P° , and PW have been determined over the fea-
sible range of angle of attack. These rates are shown in Fig. 4 for
one example � ight condition, h D 60,000 ft and V D 10,000 ft/s.
The altitude rate Ph D V sin ° is always of order V , or 10,000 ft/s.
Clearly, some states are signi� cantly faster than others in the units
chosen.

But more care is required in determining “fast” and “slow.” The
rangeover which each state transitionsmust also be considered.The
approach suggested here is to � nd a characteristic time constant for
each state. Such time constants are the inverse of state velocities,
used, for example, in Ref. 9 and elsewhere. By de� ning the range
over which each state varies, each rate can be convertedinto the time
required to span that range. These ranges are, of course, mission
dependent.For the generic hypersonicvehicle described previously
and the missionof interest,the suggestedrangesare given in Table1.

Now given the state velocities from the equations of motion
[Eqs. (4–7)], evaluated at a given � ight condition, a characteristic
time constant

ti D 1xi= Pxi (12)

for each statecan be calculated.If these characteristictime constants
differ signi� cantly, and if this difference is observed over the entire
� ight envelope, the existenceof multi-time-scalebehaviorwould be
supported.

Fig. 4 State rates at h = 60,000 ft and V = 10,000 ft/s.

Fig. 5 Flight envelope.

Figure 5 shows the selectedpointsin the � ight envelopeto be con-
sidered, and Table 2 gives the main results.At each � ight condition,
an angle of attack always exists such that h and ° are signi� cantly
faster (hence have smaller time constants) than E and W . Further-
more, the difference in the characteristic times th and t° compared
with tE and tW is typically one order of magnitude at all points.
Table 2 also reveals that at all points in the � ight envelope, except
at point 7, weight changes more slowly than energy.
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Table 2 Characteristic times at different points in the � ight envelope

Point h, ft V , ft/s tE , s th , s t° , s tW , s ®, rad

1 20,000 5,000 532 36 55 1,260 ¡0.105
975 36 9 1,021 0.001

2 60,000 5,000 737 36 66 2,666 ¡0.012
799 36 58 2,702 0.004

3 100,000 5,000 3,302 36 244 13,682 ¡0.060
3,624 36 401 14,768 0.009

4 20,000 10,000 89 18 27 137 ¡0.126
54 18 5 81 0.012

5 60,000 10,000 337 18 30 412 0.036
230 18 35 393 0.018

6 100,000 10,000 173 18 64 527 ¡0.150
725 18 150 1,254 0.160

7 20,000 15,000 76 12 38 49 ¡0.065
2,340 12 11 59 ¡0.112

8 60,000 15,000 179 12 40 225 ¡0.110
9 100,000 15,000 141 12 61 410 ¡0.108

679 12 252 830 0.077
10 140,000 15,000 548 12 77 693 ¡0.244

326 12 194 1,167 0.001
11 100,000 20,000 169 9 42 320 ¡0.135

5,388 9 525 702 0.026
12 140,000 20,000 391 9 60 479 ¡0.198

307 9 218 1,139 0.001
13 160,000 25,000 426 7 86 630 ¡0.153

380 7 277 1,514 0.001

Table 3 Minimum characteristic times at different points
in the � ight envelope

Point h, ft V , ft/s tE , s th , s t° , s tW , s

1 20,000 5,000 526 36 7 948
2 60,000 5,000 622 36 30 2,612
3 100,000 5,000 3,293 36 112 13,681
4 20,000 10,000 45 18 3 72
5 60,000 10,000 100 18 15 282
6 100,000 10,000 168 18 47 527
7 20,000 15,000 76 12 7 44
8 60,000 15,000 177 12 14 186
9 100,000 15,000 141 12 32 339
10 140,000 15,000 268 12 77 653
11 100,000 20,000 164 9 26 251
12 140,000 20,000 244 9 59 477
13 160,000 25,000 331 7 66 499

On the basis of theseresults, it would appear that multi-time-scale
behavior exists. The weight is the slowest state, E is faster, and h
and ° are the fastest. Finally, this assertion is also supported if one
considers the maximum state rates achievable at each of these � ight
conditions.Maximum rates correspondto minimum time constants,
which are shown in Table 3. Thus it is argued that the assumptions
necessary to justify the energy-state approximation appear to be
strongly supported in terms of the h and ° dynamics and weakly
supported in terms of weight.

In a similar fashion,onemay investigatethedynamicseparationin
the weightdomain.This domain,of course,is relevantforminimum-
fuel problems. Now de� ne the characteristicweight constant

wi D
µ

1xi

¿³
dxi

dW

´¶
D ti PW D

³
ti
tW

´
1W (13)

in terms of the change of state per unit fuel burned. (Note that
dW=dW is unity.) By examining these parameters over the � ight
envelope, one obtains the same basic results. That is, altitude and
� ight-path angle have smaller characteristicweight constants com-
pared with that of energy. The separation between the energy dy-
namics and the weight dynamics is present but is not as large as the
separation between energy and the other states.

These results seem at � rst to contradict the results from Ref. 5,
and some discussion is in order. The basic approach of the authors

of Ref. 5 was � rst to rewrite Eqs. (4–7) in a form consistent with
singular-perturbationanalysis, or

PE D .Thinstalled ¡ D/V

W
(4)

" Ph D V sin ° (50)

" P° D .g=W V /[Lavail ¡ W cos° ] C [V=R] cos ° (60)

PW D ¡ PW f (7)

in which the singular parameter " appears. Then a normalizationof
the right-hand sides was performed by nondimensionalizingall the
variables using a selected set of constants S, where

S D .t0; E0; m0; R0; V0; f0; T0; D0; L0/

The values for the elements in S were selected, for a particularvehi-
cle and mission, such that each of the right-handsides of Eqs. (4–7)
was boundedby unity. Also, V0 and Th0=m0 were selected such that
both

V=V0 is of order 1 (14)

and

d.E=E0/

dt
is of order 1 (15)

Finally, the result of this selection led, in Ref. 5, to an " [in Eqs. (50)
and (60)] equal to the following:

" D
³

R2
sea level

¹

´³
Th ¡ D

m

´

max

(16)

If the value this " takes on is much smaller than unity, two-time
scale behavior in Eqs. (4–7) is indicated for the vehicle and mission
considered.

Note that the value of the preceding " is essentially the maximum
axial acceleration. And in the cited reference, the authors stated
that if this axial acceleration was less than unity, two-time scale
behavior could be assured. But, as noted previously in this paper,
for this vehicle the axial acceleration is signi� cantly greater than
unity in some regions of the � ight envelope. Therefore, under the
algorithmof Ref. 5, time-scaleseparationcannotbe assured.But the
results in Tables2 and 3 appear to support the assertionof time-scale
(and weight-scale) separation.

The differences are, we believe, due to the following. First, the
analysiswe are suggestingdoesnot relyona single" buton four time
(or weight) constants,which might be consideredto be four different
". Furthermore, note that d.E=E0/=dt is proportionalto the product
of velocity and axial acceleration. But only d.E=E0/=dt must be
bounded by unity in the Ref. 5 approach.This does not require that
both V and axial acceleration be bounded [Eqs. (50) and (60)], only
their product. And, in fact, numerical results (shown later) indicate
that this product does tend to be small enough to lead to the time-
scale behavior sought. Speci� cally, large axial accelerations occur
at lower � ight velocities.

Example Optimal Solutions
Both fuel-optimal and time-optimal trajectories have been esti-

mated using the energy-state approximation. For comparative pur-
poses, a fuel-optimal trajectory and a time-optimal trajectory were
also obtained via nonlinear programming. The GESOP package4

was utilized, and in both cases multiple shooting was employed
as the solution algorithm.10 For these numerical analyses, all four
equations of motion, [Eqs. (4–7)], are enforced, and the continuous
trajectory was approximated via discretization using 50 multiple-
shooting nodes.

Optimal trajectories were sought for which the initial condi-
tions are h D 38,000 ft and V D 5800 ft/s, and the initial weight
is 300,000 lb. The terminal conditions correspond to low-Earth-
orbital altitude and velocity, or h D 200,000 ft and V D 25,000 ft/s,
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Fig. 6 Minimum-fuel trajectories.

Fig. 7 Time histories along minimum-fuel trajectory.

and the terminal weight is to be maximized. The initial energy is
Einitial D 5:6 £ 105 ft, and the terminal energy is E� nal D 9:9£106 ft.

The minimum-fuelsolutionobtainedvia theenergy-stateassump-
tion is shown by the solid line in Fig. 6. These results are consistent
with those of Ref. 11. Also shown are lines of constant energy
(almost vertical dashed lines) and contours of constant dE=dW f .
The latter contours correspondingto smaller dE=dW f are closer to
the dE=dW f D 0 boundary of the � ight envelope. The assumed
constant weight used to solve for the angle of attack along the tra-
jectory was 150,000 lb or half the initial weight. (If desired, one
may iterate and change this weight after an initial solution has been
obtained.) Note that the desired � nal orbital condition is outside the
vehicle’s � ight envelope. Due to aerodynamic drag, this � ight con-
dition cannot be maintained inde� nitely without using additional
thrust. However, this � ight condition can theoretically be reached,
althoughnot maintained,via a constant-energyzoom climb to the � -
nal � ight condition.The fuel burned for this trajectory is estimated
to be 160,000 lb, and the time required is about 1100 s. Finally,
the time histories of key variables along the optimal trajectory are
shown in Fig. 7. Of note are the large initial axial accelerationsand
fuel � ow rates.

Also shown in Fig. 6 is the fuel-optimal trajectory generated via
nonlinearprogramming,indicatedby the heavydashed line. For this
solution, the � ight time is 1142 s, and the total fuel burned is about
200,000 lb. Note that, at about145,000 ft and at a velocityof 24,600
ft/s, a zoom climb to the � nal orbital condition with nearly constant
energyheightis indicated.This basiccharacteristicis consistentwith
that obtained by the energy-state method. The largest differences
between the two trajectories occur during the early portion of the

Fig. 8 Minimum-time trajectories.

trajectory.A zoom climb at the initial energy is not indicated in the
nonlinear numerical solution.

Under the energy-state assumptions, recall that fuel required for
a given energy change is minimized by maximizing dE=dW f at
each energy level along the trajectory. This can lead to constant-
energy trajectory segments, along which the vehicle is following a
path of constant energy. In the results of Fig. 6, neither the initial
� ight condition nor the � nal � ight condition corresponded to that
yielding the maximum dE=dW f at the initial or � nal energy level,
respectively.Therefore,under the energy-statesolution, the optimal
trajectory follows a constant-energypath until it achieves the max-
imum dE=dW f condition for that energy height. During such a
constant-energy maneuver, the vehicle trades kinetic and potential
energy with no net gain or loss in total energy. Such a maneuver
requires zero time and fuel, because along a path of constant energy
1E D 0.

To complete the mission analysis, minimum-time trajectories
were also generated.The energy-statesolution is shown by the solid
line in Fig. 8, where the initial and � nal conditions are the same as
those used for the minimum-fuel trajectory.The fuel burned for this
time-optimalmission is 264,000 lb, and the mission time required is
764 s. For this mission the vehicle was constrained to operate above
20,000-ft altitude.

Also shown in Fig. 8 is the corresponding nonlinear program-
ming solution. This trajectory is also constrained to remain above
an altitude of 20,000 ft. The fuel required in this case is 250,000 lb,
and the mission time is 349 s. Except for the difference in time of
� ight, comparing the full-ordernumerical solution with the energy-
state solution reveals strong qualitative agreement. The trajectories
include a rapid initial descent to 20,000 ft, a steep ascent after ac-
celerating to about 15,000 ft/s, and � nally a zoom climb to the � nal
orbital condition.

Conclusion
The optimization of the � ight performance of a generic hy-

personic vehicle is of interest, and the primary focus of the pa-
per is assessing the validity of the energy-state approximation for
this class of vehicle. Characteristic time constants and character-
istic weight constants were introduced, and using this concept, an
analysis of a selected, generic study vehicle indicated that multi-
time-scale and multi-weight-scale behaviors exist over the entire
scramjet-powered � ight envelope of this vehicle. The argument
for the existence of such behavior was, however, slightly weaker
when considering the characteristic weight constants associated
with vehicle weight and energy height. Energy-state solutions to
the minimum-fuel and minimum-time single-stage-to-orbit trajec-
tories were also compared with solutions obtained via nonlinear
programming. These solutions showed rather good agreement. In
particular, both solutions included a terminal zoom climb to the de-
sired � nal � ight condition. Based on these results, it would appear
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that for this vehicle, as modeled, and for this mission phase the
energy-state approximation is supported.
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